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Abstract 

We classify canonical metric 3-algebra structures on matrix algebras and find 
novel three-dimensional conformally invariant actions in = 4 projective super- 
space based on them. These can be viewed as Chern-Simons theories with special 
matter content and couplings. We explore the relations of these actions with the 
N = 2 actions based on generalized 3-Lie algebras found earlier and relate them 
to the original Bagger-Lambert-Gustavsson action. 



1. Introduction 

The effective description of stacks of M2-branes which has been proposed by Bagger, Lambert, 
and Gustavsson in [U El El ll| is based on so-called 3-Lie algebras. These algebras had 
been introduced in [5] as a generalization of the notion of a Lie algebra: a 3-Lie algebra is 
characterized by a totally antisymmetric trilinear product satisfying a Jacobi-type identity. 
It was soon realized, however, that if one demands the positivity of the kinetic terms in 
the action there remains an essentially unique such 3-algebra. Other notions of 3-algebras 
were explored in ^ and and, respectively, M = 6 and J\f = 2 actions based on them 
were constructed. These 3-algebras were put into a Lie-theoretic framework in [8], where 
it was established that they are in one-to-one correspondence with pairs (g, V) of a metric 
Lie algebra g and its faithful unitary representation V . This analysis also showed that there 
are two kinds of relevant 3-algebras: real [7] and Hermitian [6], depending on whether the 
representation V is real or complex. 

If one is to describe effectively such BLG-like theories via the AdS/CFT correspondence, 
one would seek a formulation allowing for arbitrary 'rank' A^; in particular, one would like 
to explore the A — > oo limit. With this purpose in mind, we classify all 3-brackets on matrix 
algebras (or, more generally, any *-algebras) that give rise to metric real or Hermitian 3- 
algebras. These brackets are constructed using only the matrix product and an involution. 
Their structure is functorial, i.e. it is independent of the rank of the matrices. This also 
lists all possible candidates for a notion of a representation for 3-algebras. Recall that in the 
case of Lie algebras, a representation is a homomorphism into a matrix algebra which takes 
the Lie bracket into the commutator. For the case of 3-algebras, the matrix product is not 
enough to produce 3-brackets on matrix algebras which are general enough. However, we 
expect that considering matrix algebras as *-algebras may give enough freedom to represent 
any 3-algebra. 

Besides classifying the 3-brackets, we formulate a manifestly = 4 supersymmetric 
action in projective superspace, which is based on these metric 3-algebra£]. We explore their 
relation with the M = 2 actions found in [7] and with the original action of [2]. One of 
the most interesting features of the BLG model is the subtle interplay between the gauge 
algebra and supersymmetry, and we hope that our manifestly supersymmetric formulations 
shed more light on this issue. 

This paper is organized as follows. We start with reviewing the BLG model and the 
algebraic structure underlying this theory in Section 2. Section 3 contains the classification 
(13.91) and ()3.18p of functorial metric 3-algebras structures on *-algebras. Section 4 relates 
the M = 2 actions based on real generalized 3-Lie algebras of [7] with the action of Section 

2. In Section 5, we formulate the = 4 action in projective superspace for any 3-algebra, 
whether real or Hermitian. The last section contains our conclusions. 

2. Review of the BLG theory 

If not otherwise specified, we will use the conventions of [7] in the following. 

^For the harmonic superspace formulation of the ABJM model [9] see [10] , This formulation makes A/" = 3 
supersymmetries manifest. 
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2.1. Algebraic structure 

Let ^ be a real finite-dimensional metric 3-Lie algebra. That is, ^ is a real vector space 
endowed with a totally antisymmetric 3-bracket [•,-,•] : A x A x A ^ A which satisfies the 
fundamental identity 

[A,B,[C,D,E]] = [[A,B,C],D,E] + [C,[A,B,D],E] + [C,D,[A,B,E]] , (2.1) 

and a positive definite bilinear symmetric map (•, •)^ : ^ IR satisfying the compatibility 

condition 

{[A,B,C],D)a + {C,[A,B,D])a = 0, (2.2) 

where A, B,C, D, E G A. Assuming that A is spanned b}EI t", a, = l,...,dim^, we can 
introduce metric coefficients and structure constants according to 

/i^l = (T^r'')^ and = fteh'X = (\t\t\t%t'')j, , (2.3) 

respectively. Note that the symbol f'^'^'^ is totally antisymmetric. Basically, the only non- 
trivial example [T2l [T3] is the metrized version of the 3-Lie algebra ^ = ^4 in the 
classification of [5], for which dim^ = 4, f'^"'^ = e"'""^; it can be trivially extended to a 
metric 3-Lie algebra by putting h'^ = 6°'^. The only other possibilities are direct sums of A4. 
There is an associated Lie algebra q{A) obtained from A. This algebra is the linear span 



of all operatorqfl D^a^-^^t defined by 



t°At' 

a b 



D,.^MA) := [r^T^^] , AeA. (2.4) 

Thus, the space ^ is a carrier space of a faithful representation of q{A) C o(^). The Lie 
algebra q{A) has structure constant^ 

/r"''\e/] := {fte5j + 5lfTf)[en. (2.5) 

Here, (•)[e/] denotes antisymmetrization in the indices e, /. The induced Killing form on q{A) 
is given by 

(rt n ^ ^ fM[e/] Acd][gh] r [afe]M 

l^r''AT''i^r'^AT'*Jg,md ~ Jg [gh]J 5 [e/] "g,ind ' 

[efUgh] 

and direct computatior0 shows that 

^ = (dim^-2)/l%/^^. (2.6) 

Whenever the Cartan criterion /ig^f^j'^^ ~ jl^^ll^'^] is fulfilled (which is the case e.g. for the 
3-Lie algebra A4), q{A) is a semisimple Lie algebra. 



Contrary to common conventions, we follow 2 and associate upper indices with the generators of A. 



^We define the wedge and the triple bracket as acting solely on the 3-algebra part. That is, for fields 
A, B, C taking values in A, we have A A B := AaBtr" A r*" and [A, B, C] ~ AaStCcir", r^ r"]. 
*In the following, subscripts g refer to g{A) for short. 
'^Note that = ff'"^h-fd = 0, where ft^^ is the inverse of ft^f . 
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For the BLG theory, however, one has to work with another pairing (•, •)g with coefficients 

( ri n ^ — fabcd _. i,[«b][crf] /Q 7\ 

(U^a;^^b,U-^c;^^d)g — J_4 —-rig . [Z.() 

The latter choice is symmetric and satisfies in particular ([X, y],Z)g + (Y, [X,Z])g = for 
all X,Y,Z G 0(^) and is, therefore, an invariant pairing. It is also non-degenerate, as the 
original pairing on A is. It has been proved in [S] that h^^^'^^'^'^ always has split signature and 
therefore necessarily difi'ers from the Killing form. It follows that q{A) is not a simple Lie 
algebra. 

2.2. Action, equations of motions, and supersymmetry transformations 

The matter sector of the theory is given by 8 scalars , I = 1,...,8 together with a 
Majorana spinor ^ of S0(1, 10), both taking values in the 3-Lie algebra A. Additionally, we 
introduce a gauge potential A^, which takes values in the associated Lie algebra q{A) and 
yields the covariant derivative 

V^X = d^X - A^X . (2.8) 

Infinitesimal gauge transformations generated by A G 0(^4) act according to 

5X = AX , 5^ = , 6Af, = a^,A- [A^,A] . (2.9) 

Let Tm, M = 0, . . . , 10, be the 32 x 32-dimensional 7-matrices generating the Cliff^ord alge- 
bra C := C/(1R^'^'^) and F := To • • • -Lio be the corresponding chirality operator; introduce 
furthermore the subset Tj = Tj / = 1, 8. We find it convenient to combine the scalars 
into X := TjX^ , and to extend the definition of the triple bracket linearly: 

[X, X, A] := rjj[X',X\ A] and [X, X, X] := Fjj^[X^ A^, A^] , (2.10) 

where A £ A and F/ j = F[/ . . . Fjj. Moreover, we extend the trace over ^ to a trace over 
A<S)Chy 

(A,S)^^C := ^trc((Ai?)^) , (2.11) 

where trc(-) denotes the trace over the 7-matrices. With these definitions, we can write the 
Lagrangian of the BLG model [2] as 

Cblg = -i(V^A,V'^A)^^c + i(^',r''V^^)^ + i(^,[A,A,vI/])^ 

- ^{[X,X,X],[X,X,X]U^c + h^^""" {{Af,,dM^ + 1{A^,[A,,A,])^) .^'^ 

The associated action is invariant (up to a total derivative) under the gauge transformations 
(12. 9p . It is furthermore invariant under J\f = 8 supersymmetries up to the equations of 
motion 

V^V'^A + iFx[^',A,F^>] + iF[A,A,F[A,A,A]] = 0, 

F^V^^ + i[A,A,^] = , (2.13) 
[V^„V,]+e^,,(trc(AA(V'^A)) + i^'A(F'^^')) = 0. 
Explicitly, the supersymmetry transformations are given by 

5X = iF/eF^^- , 6"^ = V^AF^e - i[A, A, A]e , dA^ = ieF^(A A ^) . (2.14) 
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3. Generalizations and the classification of 3-algebras 

In [8], it was observed that 3-Lie algebras and two generalizations introduced in [6] and [7] 
can be constructed by a procedure originally introduced by Faulkner [14J. Namely, one starts 
with a pair (g, V) consisting of a metric Lie algebra q and its faithful unitary representation 
V. From this data, one produces a 3-algebra structure. In fact, there is equivalence of 
3-algebras with such pairs up to isomorphisms. The analysis of [8] yielded three such type^: 

(1) The real case, obtained from a Lie algebra g together with a faithful real orthogonal 
representation of q. This yields the generalized 3-Lie algebras of [7j. 

(2) The Hermitian case, which corresponds to a pair of a Lie algebra and a faithful complex 
unitary representation. This corresponds to the complex 3-Lie algebras of [6]. 

(3) The quaternionic case, in which the representation is quaternionic unitary. This case 
can be considered as a specialization of the Hermitian case. 

In this section we present a classification for functorial generalized 3-Lie structures on 
*-algebras. Let us be precise about the problem we are solving. 

Recall that a *-algebra (over complex numbers) is an associative algebra TZ with antilinear 
involutive antiautomorphism, that is a map * : TZ ^ TZ, A A* satisfying for all A, B ^ TZ 
and a £ C 

{aA)* = aA*, (A*)* = A , (3.1) 
{A + B)*=A*+B*, {AB)* = B*A*. (3.2) 

We consider algebras equipped with the trace form tr : 7^ ^ C that satisfies 

tr (AB) = tr (BA) , tr (A*) = tr (A) , (3.3) 
< ti (AA*) G M . (3.4) 

In the case of real *-algebras, the definition is the same, but the coefficients a above are real. 

The brackets classified below are all functorial brackets, that is brackets that can be 
defined in terms of the basic operations: the product and the involution. Note that since 
the bracket has to be multilinear, it should be equal to a combination of cubic monomials. 
Even though for matrices of small size there may exist brackets outside our classification, 
this classification is exhaustive for matrices of generic size since these do not satisfy any 
*-algebra identities. More formally, one can sa}ij that we are looking for homomorphisms 
from the operad of generalized 3-Lie algebras to the operad of *-algebras. In the case of a 
matrix algebra TZ = Mat„ with some canonical 3-bracket on it, we are essentially discussing 
what are n-dimensional representations for arbitrary 3-algebras, where the representation 
homomorphism takes the 3-algebra bracket into the canonical one. 

^Some specific 3-algebras appear in fTSl and These are based on a matrix algebra with a 4-bracket 

[[Ai,yl2,^3,^4]] := j;£^^'''AiAjAkAi with a 3-algebra structure defined by [A,B,C] = [A,B,C,T] with an 
appropriately chosen matrix T. This 3-bracket does not necessarily satisfy the fundamental identity. However, 
in [TS] it is observed that its factor algebra is a 3-Lie algebra, which is either A4 or Lorentzian. In [TS] , on the 
other hand, only part of the associated Lie algebra is gauged and as a result, only some of the fundamental 
identity relations have to be enforced. 

'^If one only cares about the fundamental identity; trace relations specific for matrices of given size make 
everything a bit more subtle. 
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3.1. The real case 

Generalized 3-Lie algebras were introduced in [7] and were used to obtain a BLG-type model 
with M = 2 supersymmetries. Given a generalized 3-Lie algebra, we have a trilinear triple 
product [•,-,•] : ^ X ^ X ^ — > ^ and a Euclidean form (•, •)_4 : ^ x ^ ^ IR on a real vector 
space A, which satisfy the following compatibility conditions for all A, B, C,D,E £ A: 

(1) The 3-product is antisymmetric in its first two slots: 

[A,B,C] = -[B,A,C] . (3.5) 

(2) The 3-product satisfies the fundamental identity: 

[A,B,[C,D,E]] = [[A,B,C],D,E] + [C,[A,B,D],E] + [C,D,[A,B,E]] . (3.6) 

(3) The pairing (•, •)_4 is an invariant form under derivations of A given by the 3-product: 

i[A,B,C],D) + {C,[A,B,D]) = , (3.7) 
and satisfies the further symmetry relation 

i[A,B,C],D) + {[C,D,A],B) = . (3.8) 

Exactly in the same fashion as for 3-Lie algebras, which were discussed in Section 2.1, we 
can define a Lie algebra q{A) C o(^) associated to the generalized 3-Lie algebra A, cf. [7]. 
Moreover, it was proved in [8] that there is a one-to-one correspondence, up to isomorphisms, 
between generalized 3-Lie algebras and pairs (g, V), where g is a metric real Lie algebra and 
V IS a faithful orthogonal g-module. 

3.2. Classification of real metric 3-algebras 

We begin by identifying all brackets that only satisfy the fundamental identity. Let us use 
the following notation: 

[A,B]= AB - BA , {A,B} = AB + BA, [A, B]c = ACB - BCA . 

The following classification is a result of a straightforward computation. For a generic 
combination of cubic monomials, we wrote down the fundamental identity, extracted the 
coefficients of all appearing monomials of degree 5, and, using the computer algebra system 
MuPAD, we solved the corresponding system of equations. The set of solutions of that system 
provides the following list of ternary brackets that arise canonically from real *-algebras and 
satisfy the fundamental identity: 

la : 

A,B,C^ ai{[A,B],C*} + [{A\B},C] - [{AB*},C] - {[A* , B*],C*}) ; 
A,B,C^a[[A,BlC]+(3i[[A*,B],C] + [[A,B*],C] + [[A,B],C*]-[[A*,B*],C*]) ; 
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ni„,/3 : 

A,B,C^a{[[A,BlC] + [[A\B*],C] + [[A\BlC*] + [[A,B*],C*]) 

+ (3{[[A,B],C*] + [[A\BIC] + [[A,B%C] + [[A\B%C*]) ; 

A,B,C^ a{{[A\B*], C*] + {[A\B*IC] + {[A, B%C*] + {[A\B], C*] 
+ {[A\BIC} + {[A B*IC} + {[A, BIC*} + {[A 5], C}) 
+ /?([^, C]b + [A, C*]b + [A, C]b* + [A\ C]b + [A, 

+ [A\C*\b + [A\C]b* + [A\C*]b*) ; 

A,B,C ^ a{{[A\B*lC*} - {[A\B*IC} - {[A,B*],C*} - {[A*,BlC*} 
+ {[A\BIC] + {[A,B%C] + {[A,BIC*]-{[A,B],C]) 
+ [A, C]b + [A, C*]b + [A, C]b* + [A\C]b 

- [A,C*\b' - [A\C*]b - [A*,C]b* + [A\C*\b'); 

A,B,C^ a\{[A\B*lC*} + [{A\B}, C] - [{A, B*},C] + {{A.BlC*}) 

+ al3{[AB* - BA\C*] + {AB + A*B*)C) + 0^{AB* - BA*)C ; 

A,B,C^ a\-[[A, B],C]- [[A\B% C] + {{A\B}, C} - {{A, B*}, C}) 

+ Pj^{{AB* - BA*)C) 
+ a^Pi{[A, B], C*} + {[A*,B*], C*} + [{A*,B}, C] - [{A, B*}, C]) 
+ a^-f{{BA* - AB*)C + C{A*B - B*A)) 

+ ap-f{[A, B]C + [A* , B*]C + {AB* - BA* ,C*}) ; 

VIII,,^ : 

A,B,C^ a{AB* - BA*)C + (5C{A*B - B*A) ; 

A,B,C^ a{[[A, B],C] + [[A*,B*],C]) + P[AB* - BA*,C] + -f[A*B - B*A, C] . 

Here, the Greek letters a, (3, 7 denote arbitrary real parameters. 

Using this result, it is not too hard to obtain the list of canonical 3-brackets satisfying all 
conditions with the inner product {A, B) = tr {AB*). Here we use the fact that all identities 
involving traces follow from the fundamental properties of traces ()3.3p . Among the brackets 
listed above, all satisfy the fundamental identity ()3.6p . but not all are compatible with the 
inner product. Imposing these compatibility conditions (j3.7p and (|3.8p . we end up with the 
following list of canonical generalized 3-Lie algebras arising from real *-algebras: 
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I« : 



II, 



III 



A,B,C^ a{[[A*,B],C] + [[A, B*],C] + [[A, B],C*] - [[A*,B*], C*]) ; 

A,B,C^ai[[A,B*],C] + [[A*,B],C]) ; (3.9) 
A,B,C^ a{AB* - BA*)C + f3C{A*B - B*A) ; 



IV, 



a,(3 ■ 



A,B,C^a{[[A,B],C] + [[A*,B%C] + [[A*,B],C*] + [[A,B*],C*]) 

+ Pi[[A,B],C*] + [[A*,B],C] + [[A,B*],C] + [[A* , B*],C*]) . 

As above, a, [3 denote again arbitrary real parameters. 

At the moment we do not know a complete answer to the question of how these brackets 
can be represented by each other (in particular, it might be the case that they all can be 
represented by one of them). Let us give one nontrivial example of such a representation 
here: The matrix algebra Mat„ with the bracket of type IVo,i is isomorphic to a 3-subalgebra 
of the matrix algebra Mat2n with the bracket of type IIIi^_.i; the embedding is given by the 

formula \ ^ | . 

\a* a I 

3.3. The Hermitian case 

This generalization of a 3-Lie algebra was introduced in [6j to obtain a BLG-type model 
preserving M = 6 supersymmetries. A metric Hermitian 3-Lie algebra A is given by a 3- 
product [•,•; •] : A x A x A ^ A, which is linear in its first two slots and antilinear in the 
third one, and a Hermitian form {■, ■) : A x A ^ C, which satisfy the following constraints 
for ah A,B,C,D,E e A: 

(1) Antisymmetry in the first two slots: 

[A,B;C] = -[B,A;C] . (3.10) 



(2) Metric compatibility: 

{[A,B;C],D) = {B,[C,D;A]) . (3.11) 

(3) The Hermitian fundamental identity: 

[[C,D;E],A;B]-[[C,A;B],D;E]-[C,[D,A;B];E] + [C,D;[E,B;A]] = 0. (3.12) 

We assume again that ^ as a vector space is spanned by r'*, a = 1, . . . , dim(^). Then we 
find an associated Lie algebra g'^(A) which is generated by the following action on elements 
of A: 

D^a^AA) := [A,r^;T'] , AeA. (3.13) 
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To obtain the associated real Lie algebra q{A) C o(„4), one has to antisymmetrize this action, 
cf. [8]: 

D^^^AA) ■■= [A,t^;t']-[A,t';t^], AeA. (3.14) 

The Hermitian fundamental identity (j3.12p ensures |8j that the commutator of two such 
actions is again an element in g{A). An invariant form on q{A) can be defined as the linear 
extension of 

{D,a^^b,D,.^,a)^ := Re([r^r'^;r*],r'^U . (3.15) 

Prom the above constraints (1) and (2), we obtain ([A,B;C],D) = —{[A,B;D],C) and as 
(•, •)yi is Hermitian, (•, •)g is also Hermitian and satisfies 

{X,Y), = {Y,X)l (3.16) 

for all X,Y £ q{A). Invariance of this Hermitian form follows in a straightforward manner 
from the axioms given above and for all X,Y, Z £ q{A), we have 

i[X,Y],Z), + iY,[X,Z]), = 0. (3.17) 
3.4- Classification of Hermitian metric 3-algebras 

The linearity /antilinearity condition is very restrictive. Instead of 48 cubic monomials that 
occur in a generic combination, we have only 6. This results in just one series of examples. 
Namely, it is easy to see that the only series of Hermitian metric 3-Lie algebras arising from 
complex *-algebras is 

A,B,C^ a{AC*B - BC*A) , (3.18) 

where a G M. 

It is interesting to note that this only bracket has been already discovered in [6j ; there this 
bracket on matrix algebras was used to give a 3-algebraic formulation of the ABJM model. 

4. M = 2 superfield formulation 

It is evident that the BLG theory has to allow for a description in terms of = 2 superfields 
in three dimensions that is analogous to Chern-Simons matter theories [17^ I18j . see also 
|19j . All J\f = 2 superfield actions found in [7J however differ from the BLG theory in the 
interaction terms. As we will show in this section, one can add a superpotential term to this 
action such that it exactly reproduces the BLG theory. Note that we give here a general 
superfield action, which can be combined with any of the 3-algebra structures discussed 
above, whether real or Hermitian. In the following, we adopt the conventions of [2^ and [7]. 

4-1. The superfield action 

Let A be an arbitrary 3-algebra and 0(^4) its associated Lie algebra. Consider four ^-valued 
chiral superfields $*, i = 1, . . . , 4 together with a g(^)-valued vector superfield V defined on 
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the superspace ]Ri'2|4. We will use the following superfield expansions, which are obtained 
by dimensionally reducing the superfield expansions of [20] from R^'^K to R^-^l^: 

v{x) = -rr + ieaMx)) + i9\e~x{x)) - w^{ex{x)) + \eH^D{x) , 

where x G R^'^ and y is the usual coordinate on the chiral subspace H^if' ^ C R-*^'^!^. BLG- 
type actions with at least M = 2 supersymmetry are obtained from the following base action 

So = J d'x J d^e K{i{V,{D^D^V)), + l{V,{{D^V),{D^V)}),) + {^^,e^'''^'U . (4.2) 

Note that the anticommutator {•, •} reduces in components to the commutator in 0(^4) and 
is therefore well defined. This action possesses manifest M = 2 supersymmetry as well as 
an SU(4) flavor symmetry. The interaction terms, however, do not possess the SO (8) flavor 
symmetry, and therefore the action (|4.2p is necessarily different from the BLG model. One 
can supersymmetrically extend 5*0 by adding superpotential terms of the form 

Si = j j d?eW{^^,...,^^) + c.c. , (4.3) 

where W is a (holomorphic) polynomial in the chiral matter superfields Classical confor- 
mal invariance requires W to be homogeneous of degree 4. Furthermore, the desired flavor 
symmetry as well as the R-symmetry for N > 2 restricts the form of the polynomial. For 
example, for flavor symmetry SU(4) and A a 3-Lie algebra, the only possible polynomial is 

>V($\...,$^) = tijkm\<^^ ,<^%<^')a , (4.4) 

where tijki has to be an SU(4) invariant tensors and is therefore proportional to £ijki- One 
can also consider an additional Yang-Mills term; however, such a term does break classical 
conformal invariance. 

^.2. The BLG model in M = 2 language: The 3-Lie algebra case 

Not surprisingly, and similarly to the description of d = 4, = 4 super Yang-Mills theory 
in terms of = 1 superfields, one can couple the superpotential ()4.4p to the base action Sq 
and for a specific value of the coupling, one obtains the BLG model. For this, we have to 
demand that ^ is a 3-Lie algebra. Theio 

Si = J d'x J d^9 aeijki{[^\^\^%¥)A + c.c. , (4.5) 

and the choice Oi = ^ yields, after integrating out all auxiliary fields, the bosonic potential 
terms 

-MW,^A%W,^,^''])A + ^(.[^',^',n[^,^A'])A ■ (4.6) 



*In [7], it was erroneously stated that this superpotential term is S0(8)-invariant in general. This is only 
true in a special situation described in [I] and is not the case here. 
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Rewritten in terms of the real fields , I = 1, ... ,8, defined as := ^ + iX^*, the 
bosonic interaction terms (j4.6p equal to 



^bos = -^i[X',X-',X^],[X',X-',X^]U. (4.7) 

In the following, we keep a arbitrary, however. For the auxiliary fields F^, a, A, D we find the 
equations of motion 



and eliminating these fields, we arrive at the following Lagrangian in components: 



(4.8) 



A 
A 



(4.9) 



y4 



We will now discuss the supersymmetry transformations in more detail. For the manifest 
M = 2 supersymmetries, explicit expressions are obtained from the de Wit-Freedman trans- 
formation, see appendix A. Here, one considers the supervector field in Wess-Zumino gauge 
and, to preserve this gauge, every supersymmetry transformation needs to be accompanied 
by a gauge transformation. This makes the transformation law non-linear. 

The supersymmetry transformations act on a superfield F according to 

5F := {eQ + eQ)F . (4.10) 
The various superfield components transform according to 



(5V'" = -4^/2ae"e^''='*[</^', + \/2i(a^e)"V^0^ + -^[(i>> , , cP'Y 



(4.11) 



As stated above, supersymmetry is enhanced to = 8 for the choice a = The 
additional supersymmetry transformations are parameterized by spinors e*-' in the 6 of SU(4), 

cf. m- 

diPi = -\^a^eijV^4P + \<i>\ (/.^ <^i]eifc + W . hYjk , (4-12) 
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4-3. General 3-algebras 

If ^ is a 3-Lie algebra, the 3-product is totally antisymmetric and the tensor tiji^-i in (j4.4p 
becomes proportional to £ijki- Therefore, the theories arising from the action S = Sq + Si 
have = 8 for a = ^ or = 2 at generic values of a. If A is not a 3-Lie algebra, but one of 
the generalized 3-algebras discussed in Section 3, its 3-product is not totally antisymmetric 
and allows for a much more general tensor tijki, containing e.g. terms of the form eab^cd, 
where a,b = 1,2 and c, d = 3, 4, which break the flavor symmetry group. 

Note that in the Hermitian case, both the 3-bracket [•, • ; •] and the scalar product (•, •)_4 
have antilinear slots and one therefore has to employ also aniz-chiral superfields when writing 
down the chiral superpotential terms. Moreover, to reproduce the interaction terms of the 
M = 6 model of p] by using M = 2 superfields, one has to choose an U(l) = S0(2) action 
within the SU(4) R-symmetry, which becomes the R-symmetry of the M = 2 superfields. 
This choice determines the supersymmetries which will be realized linearly, and also requires 
the introduction of new superfields S*, which are defined as linear combinations of the original 
chiral superfields As the principle is clear, we refrain from going into further detail and 
turn our attention towards higher manifest super symmetry. 

5. M = 4 superfield formulation 

In this section, we will formulate a BLG-like action with manifest = 4 supersymmetry. 
There are two superspace approaches to theories with higher supersymmetries: harmonic 
superspace, which has recently been used in [10] for studying the ABJM model, and projective 
superspace [211 [22l [23l |24] , which we employ here. For a detailed discussion of superconformal 
field theories in projective superspace, see [25] , 

Note that a number of AA = 4 supersymmetric Chern-Simons matter theories have been 
constructed in the context of certain Janus configurations of d = 4, AA = 4 super Yang- 
Mills theory [26] by Gaiotto and Witten (GW). The GW models have matter fields in a 
different representation of the gauge group compared to our situation and in particular, 
these theories do not contain the BLG model; in [27j . however, they have been extended 
by twisted hypermultiplets to reproduce the BLG model. Other extensions reproduce the 
ABJM model and variants thereof [28]. 

5.1. Three-dimensional projective superspace 

The N = 2 superfield description of the BLG model was obtained from a dimensional reduc- 
tion of four-dimensional N = 1 superspace to three dimensions, and we expect the same to 
hold true for the AA = 4 description in terms of projective superspace. We thus start from 
the space R^'^l^ with Grafimann-odd derivative operators Di^ and Z)^ satisfying the algebra 

{Aa, 15,73} = 0, {5^,I)J} = 0, {Aa,^i} = -2i.5^'<<ia^. (5.1) 

We now extend this superspace by the auxiliary space CP^, which we parameterize by 
homogeneous coordinates A* G \ (0,0). We also introduce the shorthand notation Aj := 
£ij\^, i.e. (Ai,A2) = (-A^, A^). On R^'^ls x CP\ define the following elements of TR^'^ls ® 
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Va = X'Di and Va = XiD' . (5.2) 

Note that Va and Va generate a (0|2)-dimensional Abelian subgroup parameterized by A 
inside a (0|4)-dimensional Abelian subgroup. Dividing R^'^l^ x CP^ by the latter, we obtain 
projective superspace S. That is, functions on S are annihilated by Va and Va for all A. 

An SU(2)-invariant measure on S can be defined after introducing an arbitrary 'dual 
coordinate' vr, on CP^ satisfying the constraint vrjA* = 2: This measure is given by the 
differential operators A = vr^Dj and A := vrjZ)* together with the line element AjdA* and the 
volume element d^x: 

fi := d^xA^A^AidV . (5.3) 

Manifestly = 4 supersymmetric actions can now be written down as an integral over ^ of 
a real functional of superfields on S. 

For simplicity, we will work on the patch A^ 7^ in the following and put A* = (1, Q as 
well as TT* = (^, — 1). The formulas then simplify to 

where Vq, := -Dia, / is a real function defined on an open subset [/ C S and C is a contour 
within U avoiding any poles of /. 



5.2. Field content 

The matter field content is encoded in two real 0(2p)-multiplets with p = 2. Such a multiplet 
corresponds to a hypermultiplet in four dimensions and contains the degrees of freedom of 
two chiral multiplets in AA = 2 superspace language. Its expansion reads a^ 

rj = l>-^2 + si + A - CS + C'^* , (5.5) 

where X = X. The real structure acts by conjugation and by sending 1-^ ~(C)~^- From 
the condition that these fields are supported on S and thus are annihilated by Va and Va, 
one concludes that <I> is a chiral superfield, S is a complex linear superfield D^T, = and X 
is a real unconstrained superfield, which will turn out to be purely auxiliary. The complex 
linear superfield appears as the dual of another chiral superfield in the action. 

For the gauge field, we use a tropical multiplet V, which is defined around the equator of 
the auxiliary CP^: 

00 

v(c,c) = Yl (5-6) 

n=— 00 

with components = (—!)"■?;„. There are various gauge choices one can impose, cf. e.g. 
|23j . First of all, we can gauge away all degrees v±n with n > 2, which makes the tropical 
multiplet look similar to that of a shifted, real 0(2) multiplet. We furthermore switch to a 

^Strictly speaking, the expression in (|5.5p is for the ratio of a proper 0(4) muhiplet and a chosen section 
of 0(4) given by Thus, the degrees of in our convention for C'(2p)-multiplets are shifted compared to 
those used in [23] . 
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Lindstrom-Rocek gauge, in which only the (anti-)chiral piece of f_i (vi) survives. In this 
gauge, vo is a real superfield, playing the role of the J\f = 2 vector superfield V ^ and v±i are 
its superpartners, i.e. vi is a chiral superfield and u_i its complex conjugate. 

As before, we assume that the two 0(4) multiplets 771^2 take values in a 3-algebra A (or 
its complexification if A is real), while the tropical multiplet takes values in the associated 
Lie algebra q{A). 



5.3. The superfield action 

The field content and the form of (14.21) lead us to an = 4 action: 



S = j K(i(V,(P«P"V))0 + |(V,{(P"V),(P,V)})g) + (%,e2'^7?fe)^ , (5.7) 

where, as above, = Dia. Let us decompose this action into J\f = 2 superfields to 
demonstrate its relation with (14. 2p . First, we examine the Chern-Simons part. In this 
part, the chiral derivatives V and T) together with the total antisymmetry of the cubic term 
in V annihilate the chiral superfield in the tropical multiplet, which leaves us with terms 
containing nothing but the M = 2 vector superfield vq. To see this, recall that in three 
dimensions {Va,'D°'} = e"'^{I?Q,, = —2ie"^ cr^^9^ = 0, as the cr-matrices can be chosen 
to be symmetric. Thus the first term (V, (I?Q,P"V))g reduces in Lindstrom-Rocek gauge 
to {vq, {'Da'D'^vo))^ under the integral. The terms which remain of |(V, {(P"V), (PQ,V)})g, 
after the contour integration in Lindstrom-Rocek gauge is performed, and which contain 
fields besides vq are 

{v^i,{V''vo,'D^vi})g + {vo,{V''v.i,VaVi})g + {vi,{V''v,u'DaVo})s • (5-8) 

Using partial integration as well as cyclicity of {■,-)q, one can rewrite this expression so that 
it is proportional to {2?",!Dq}, which is identically zero. Thus, the = 4 Chern-Simons 
part reduces to the N = 2 Chern-Simons part. 

The part containing the hypermultiplets requires a lengthier analysis; we can essentially 
follow the discussions of [23l [29l [30] . We split the exponential of the gauge potential according 
to 

g2iV(C) ^ g2iV_(C)g2iV+(C) ^ (5_9) 

wher 

V_(C) = ^V. , V^{0=Y.V,Q\ (5.10) 

and introduce gauge covariant spinor derivatives 
V := e2i^+Ve-2i^+ = e-^^^'Ve^'^- and V := e2'^+Ve-2i^+ = ^-^^-Ve"^- , (5.11) 

where the equalities hold due to VV = VV = 0. These derivatives define covariant projective 
superfields 

r?fc = e^'^+r]k , fjk = ^e^'^" , (5.12) 



Note that Vi = Vi only in the Abehan case. 
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which are annihilated by the covariant derivatives (jS.lip . Note that one has to take the 
appropriate actions of these derivatives containing terms in q{A) on the real 0(4) multiplets 
and which are ^-valued. 

Introducing the derivatives (jS.lip effectively generates central charges in the N = 2 spinor 
derivatives [50] : 

V = D1+CD2, {L*^", D2a} =: 4e,/3>V , (5.13) 

which implies the covariant complex linearity condition (Di)^S = 2VV^> for the covariant 
0(4) multiplet. The matter part of the action can now be rewritten as 

Sm = I /^(%,%) := I d'x I d40((|.,l>)^-(f;,S)^ + (l,X)^) , (5.14) 

where ^> is again chiral, T, is (covariantly) complex linear, and we suppressed the flavor index 
k. This action can be obtained from [29j 

s'^ = [ d^'x [ d^e(il>,^u-{t,tu + {l,xu 

J J ^ (5.15) 

+ (y, {{D^ft + 2^1-))^ + (y, {{D{)^t - 2wl.))^) 

with an unconstrained field S by integrating out the fields Y, Y. The auxiliary field X 
decouples and, after integrating out the fields S and E, a second covariant chiral superfield 
* := (Di)^y appears: 



s':, = J d'x J d^0((i.,i.)^-(i',§)^+(i,x)^ 



+ j d^x j d^e{^,-2W^)A + j <^^x j d^e{^,2W^)A ■ 



(5.16) 



The second line is responsible for generating the usual mass-coupling superpotential terms 
in the description of a hypermultiplet in terms of two M = 2 chiral superfields. 

A detailed analysis of the M = \ components of the interaction terms would essentially 
require that one solves the Riemann-Hilbert problem ()5.9p : splitting V into V+ and V_. 
Alternatively, one can consider the symmetries of the action. Supersymmetry requires in- 
tegration over the full measure [i. Demanding classical conformal invariance as well as no 
higher derivatives reduces the choices of the matter-field action to Sm- As the actual BLG 
model has to be included in the set of = 4 BLG-type models, we conclude that (|5.7p is in 
fact the BLG model, if ^ is a 3-Lie algebra. In other cases, the interaction terms will differ 
and AA = 4 or = 6 supersymmetry will be realized. 



6. Conclusions 



We have presented a complete classification of functorial representations on *-algebras of the 
generalized metric 3-algebra structures exposed in [8]. We found the four families (13. 9p of 
such representations in the real case, while the Hermitian case allowed only for the single one 
()3.18p . These altogether five classes of 3-brackets give a wealth of explicitly realized matrix 
3-algebras of arbitrary rank. What is more important, these brackets may be reasonable 
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candidates for 3-algebraic structures on matrices which are rich enough to represent any 
generahzed metric 3-algebra. We hope to address this issue in more detail elsewhere. 

We have also given manifestly N = 2 and = 4 invariant formulations of BLG-type 
models based on these real and Hermitian 3-algebras. For the former, we used the dimensional 
reduction of ordinary = 1 superspace from four to three dimensions, while for the latter, we 
employed the dimensional reduction of AA = 2 projective superspace. The = 4 formulation 
of Chern-Simons matter theories is completely new, and might find further applications 
besides the description of multiple M2-branes. Both the J\f = 2 and the A^ = 4 formulations 
can be endowed with any of the generalized metric 3-algebra structures in our classification. 
In general, however, such actions have less than the AA = 8 supersymmetry of the original 
BLG theory that is based on the 3-Lie algebra A4. Note that similarly, manifestly AA = 4 
supersymmetric formulations of the ABJM and the GW models can also be given. 

One might consider the absence of any explicit 3-product in the AA = 4 formulation as 
evidence that the more general 3-algebras appearing are not fundamental, but merely appear 
in a rewriting of the theory. This would suggest that this 3-algebra rewriting does not provide 
any deeper insight than its equivalent gauge theory formulation. One can contemplate, 
however, that the presence of the underlying 3-algebra structure does indicate some hidden 
symmetries and conserved currents. We hope that our actions and 3-algebra classification can 
shed some light on this issue. Also, the fact that 3-Lie algebras neatly fit into the framework 
of strong homotopy Lie algebras [31] hints at a more subtle role of the 3-algebras. While 
3-Lie algebras satisfy the homotopy Jacobi identities of strong homotopy Lie algebras, the 
generalized 3-Lie algebras satisfy the strong homotopy pre-Lie algebra identities. All this 
suggests that generalized 3-Lie algebras may provide some new insight into the properties of 
the theories that we have presented here. 
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Appendix 

A. De Wit-Freedman transformation 

After performing a supersymmetry transformation on a supervector field in Wess-Zumino 
gauge, one needs to perform an additional gauge transformation in order to return to this 
gauge. This will also affect the matter superfields, and we collect all the relevant formulas 
here for reference. We assume that the chiral superfield is in the fundamental representation. 
Also, contrary to the conventions of [20], we assume anti-Hermitian generators, so that 

F^,, := d^A,-d,A^ + [A^,A,] , V^^ = 5^$ + ^^$, V^^ = 8^^ - ^A^ . (A.l) 
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As gauge transformations, we have 

^ ^2At^-2iyg-2A ^ ^/ ^ g2A^ ^ |, ^ ^^-2At ^ ^^ 2) 

where we suppressed the flavor index on the matter fields. Here A is a chiral superfield, and 
the choice of A taking the supersymmetry variation 

5V := e'^QaV -e^QaV (A.3) 

back to Wess-Zumino gauge reads in chiral coordinates y as 

A(y) = iieaf'e)Af,iy)+9^e~Xiy) . (A.4) 

To shorten the expressions, we used four-dimensional indices, which are marked by a hat. 
In components, the combined supersymmetry and gauge transformations have the following 
effect: 

5(t) = y/2eil) , 

= \/2e"F + ^i(a'^e)"V/i0 , (A.5) 
5F = -^/2i((V^V)f^^e) + 2(eA)</> . 
For the chiral superfield, and the vector superfield transformation are covariantized: 

5Ajj_ = l{eafi\ - Xa/ie) , 
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